Quiescent X-ray luminosities are presented in low mass X-ray binaries with use of evolutionary calculations. The calculated luminosities are compared with observed ones in terms of timeaveraged mass accretion rate. It is shown that neutrino emission by strong pion condensation can explain quiescent X-ray luminosity of SAX J1808.4-3658 and we do not need direct Urca processes concerning nucleons and/or hyperons.
I. INTRODUCTION
There have been reported observational results [1] [2] [3] [4] of soft X-ray transients during quiescence in low mass X-ray binaries. The emergent radiation flux may depend on the neutron star structure, which opens an important possibility to explore the internal structure and the equation of state (EoS) of dense matter by comparing numerical results with the observations [5, 6] . Moreover, the observations of accreting neutron stars give valuable informations to constrain the structure of neutron stars [7, 8] . The sites include cooling phase of a neutron star during X-ray burst period [9] and quiescence [10] . In particular, average accretion rates over the quiescent periods have been derived from outburst luminosities and some quiescent luminosities have been observed by direct measurements of photons from the neutron star surface [10] .
Old transiently accreting neutron stars in low mass X-ray binaries have been successively investigated [8] . Matter escapes from their low mass companions and accretes onto neutron stars. The accreted matter is compressed under the weight of freshly accreted material and the compressional heating is furthermore accompanied by the way of heating from deep inner layers [11, 12] . Characteristic energy release from the deep crust is in the range of 1-2 MeV per accreted nucleon. The accretion phenomena are considered to be neither too long (months-weeks) nor too strong to heat up the crust; the internal equilibrium between the crust and the core could be maintained. The energy release due to compression (compressional heating) and/or crustal heating could be rather strong to keep the neutron stars warm and as a result lead to the emission of observed thermal radiation for X-ray transients [13] .
The mean heating rate could be determined from the time-averaged mass accretion rate, where the averaging has to be performed over characteristic relaxation time t > 10 3 yr.
On the other hand, luminosities of X-ray transients have been studied by calculating their theoretical curves of accreting neutron stars in quiescent states [6, 10] . To derive theoretical luminosities, i.e., (effective temperatures) an analytical relation between the effective and core temperatures has been adopted [14] . As a consequence, neutrino losses due to kaon and pion condensations become insufficient to explain the observational luminosities [10, 15] .
Although the adopted relation between the two temperatures is convenient to construct models of transient luminosities, the analytical relation should be examined from the point of stellar evolution, where compressional heating is included.
In the present study, our aim is to examine the relation between the luminosity of transiently accreting neutron stars and the time-averaged mass accretion rate using our spherically symmetric stellar evolutionary code. The time-averaged accretion rate is taken into account during the quiescent era, because it becomes possible to compare the full calculations with simplified ones; both the inner structure of the neutron star and the surface composition are combined to compare the luminosities observed from X-ray transients. In § II, we present the basic equations and input physics. We construct the quiescent neutron star models in § III. Our results of luminosities with use of steady states under the constant mass accretion rates are presented in § IV. Discussion is given in § V.
II. BASIC EQUATIONS AND PHYSICAL INPUTS
The general relativistic evolutionary equations of a spherical star in hydrostatic equilibrium are formulated as follows [16] ,
where
We define the quantities used above set of equations in the followings; r: circumferential radius, ρ 0 : rest mass density, ρ: total mass-energy density, T : local (non red-shifted) temperature, P : pressure, M r : baryonic mass inside the radius r, M tr : gravitational mass inside the radius r, φ: gravitational potential, L r : local luminosity, ε n : heating rate by nuclear burning, ε ν : cooling rate by escaping neutrinos, ε g : gravitational energy release, ∇ rad : so called radiative temperature gradient in which both the radiative opacity and electron conduction can be included together.
In the accretion layer, the mass fraction coordinate with changing mass q [=M r /M(t)] is utilized, which is the most suitable method for computations of stellar structure when the total stellar mass M varies [17] . As a consequence, the gravitational energy release ε g is divided into two parts [18] :
where s is specific entropy, t is Schwarzschild time coordinate, andṀ is mass accretion rate. µ i and N i are, respectively, chemical potential and number per unit mass of the i-th elements. Equation (7) is so-called nonhomologous term and equation (8) is homologous term of compressional heating.
The radiative zero boundary condition is imposed at the outer boundary. An outermost mesh-point, which is close enough to the photosphere for our investigation, is given at
The above set of equations (1) - (5) can be solved numerically with use of the Henyeytype numerical scheme of implicit method. We adopt the evolution code of a spherically symmetric neutron star [18, 19] .
For EoS concerning outer layers of the neutron star (ρ < 5 × 10 7 g cm −3 ), an ideal gas plus radiation is adopted with the electron degeneracy and the Coulomb liquid correction included [20] . For the inner layers of ρ < 6 × 10 12 g cm −3 , EoS has been adopted from Ref. [21] . For the further inner layers, EoS constructed by Lattimer and Swesty [22] (hereafter referred to LS) is used with the incompressibility of 220 MeV under the constraint of β-equilibrium. Furthermore, we include the effects of pion condensations [23] . These effects result in softening of the EoS and the maximum mass of the neutron star is reduced from 2.53 to 2.21 M ⊙ . Nevertheless, it is safe to exceed the recent observations of both et al. [29] seems to be too stiff to induce the supernova explosions [30] and there are some challenges to soften this EoS by including hyperons [31] . In any case, EoS of supernova matter should be also applied to the neutron star matter [32] .
Neutrino emissivities include bremsstrahlung of nucleon-nucleon, modified Urca [33] , and electron-ion bremsstrahlung [34] , and electron-positron pair, photo, and plasmon processes [35] . We also include the strong neutrino losses due to pion condensations by Muto et al. [36] , where pion condensation begins at about 4 × 10 14 g cm −3 (see § III). Although the short range correlation in nuclei is very uncertain, recent experiments have indicated that the pion condensation begins at (1.9 ± 0.3)ρ 0 [37] and furthermore (1.8 − 2.4)ρ 0 [38] , which support the prediction of Muto et al. [36] .
Considering the significant progress in numerical calculations of opacities, we have updated the opacities in Ref. [18] as follows. We adopt the electron conductive opacity [39] without magnetic field in both the ocean and the crust. We use the proton charge profile inside a nucleus [40] . We also adopt the electron conductive opacity [41] in the core where we include only electron-proton scattering opacity because this process is dominant for the realistic dense matter if we neglect the effect of superfluidity. We take into account radiative opacities contributed from free-free [42] and relativistic electron scatterings [43] . However, these updates do not significantly change our results.
In the present paper, we include the crustal heating [12] ,
where q i represents the effective heat release per unit nucleon on i-th reaction surface (see Tables 1 and 2 in Ref. [12] ) andṀ represents the mass accretion rate in units of
The energy generation rate ε n can be evaluated from Q i /∆M. The mass ∆M corresponds to the range of the Lagrange mass coordinate in which the i-th reaction surface locates.
As for the surface composition in the accretion layer, we examine two cases: Ni only and To illustrate the effects of pion condensations, we show the neutrino emission rates ǫ ν due to the pion condensations as a function of density in Fig. 2 , where the emission rates are adopted from Muto et al. [36] ; They found that the appearance of π c -condensed state begins at ρ crit and the combined π 0 π c -condensed state at ρ trans . The transition points (ρ trans )
are indicated by the filled or open circles in Fig. 2 . The neutrino emission rates and the density of the phase transition depend on the dimensionless parameterg ′ . We adopt the caseg ′ = 0.5 in the evolutionary calculations which causes larger neutrino emission as seen from Fig. 2 and in the present study we regard the cooling as exotic. We note that the cooling is much more efficient to determine the structure of the neutron star with enough mass for π c -condensed state compared to the π 0 π c -condensed state. This is because the neutron star contains the density region where the exotic cooling due to the π c -condensed state is dominant as seen in Fig. 2 . 
III. THERMAL STRUCTURES IN THE QUIESCENT STATES
We perform the evolutionary calculations of accreting neutron stars with the continuous accretion (Ṁ = constant) until the the nonhomologous part of the gravitational energy release vanishes [18] . The left panel in Fig. 3 shows the variation of the thermal structure during t = 10 6 − 10 One sees the significant effects of the cooling around ρ > 10 14 g cm −3 during t = 10 3 − 10 8 s.
We recognize that the temperature distribution attains the steady state for t ≥ 10 11 s.
We find that the exotic cooling becomes appreciable in the neutron star of M ≥ 0.92 M ⊙ , because the central density exceeds ρ crit . Figure 4 shows the thermal structures in the steady states for models of 2.01 M ⊙ with the surface composition of light elements. These models have the peak temperatures at the To compare the obtained luminosities with the those of previous studies [6, 8, 44, 45] which do not include the compressional heating, we perform the calculations without the compressional heating until the steady states are archived. Figure 5 shows the thermal structures in the steady states without the compressional heating. The peaks of the temperature disappear due to the lack of the compressional heating. Now, we need to examine whether the steady states without the compressional heating correspond to the observed quiescent states. We calculate the evolutions without the accre- the time evolutions of the luminosities, where the horizontal axis is the elapsed time measured from the end of accretion. We find that the luminosities decrease significantly during 0.1 yr and they become constant in around 100 yr. As a result, we can regard the states with constant luminosities as the quiescent states, because the periods of the constant luminosities are longer than the typical periods of the observed quiescent states. Figure 6 shows also the luminosities (dotted lines) in the steady states without the compressional heating.
The luminosities without the compressional heating are exactly similar to the luminosities in the evolutionary calculations during t = 0.1 − 100 yr. Moreover, these two models have almost the same thermal structures (see Figs. 5 and 7) , which indicates that the heat due to the compressional heating is radiated away from the neutron star in less than 0.1 yr. As a consequence, the steady state models without the compressional heating correspond to the observed quiescent neutron star. temperature is evaluated at the point of ρ = 10 10 g cm −3 because the temperature does not change appreciably above this density until the central region, where crustal heating is deposited gradually toward the center [18] . The surface gravity g 14 is expressed in units of 10 14 cm s −2 , where g = GM/(R 2 1 − r g /R) and r g is the Schwarzschild radius. The values are g 14 = 0.626 and 3.10 for the models with M = 0.75 M ⊙ (R = 13.2 km) and M = 2.01 M ⊙ (R = 11.2 km), respectively. We note that both temperatures are non redshifted temperatures [44] . Our results without the compressional heating are qualitatively consistent with those in Ref. [44] . However, if we include the compressional heating, the results deviate as seen in Fig. 8 . The compressional heating causes the higher effective temperatures compared with those of the previous study. We conclude that the models without the compressional heating correspond to the previous models [6, 8, 44, 45] . 
IV. RESULTS
The red-shifted luminosities (L ∞ γ ) of our neutron star models for M = 0.75 − 2.01 M ⊙ without the compressional heating are given in Table I for the surface composition of Ni and light elements. In the case of light elements, we have lower opacity and consequently higher luminosity than in the case of Ni. Figure 9 shows red-shifted luminosity against the accretion rate. The numbers '1-24' designate the observational data and the associated arrows indicate the upper limits of individual data for X-ray transients [6] . The thin dotted curves are taken from Yakovlev et al. [8] , where the data of '13' cannot be explained without inclusion of additional strong cooling processes due to direct Urca processes involving nucleons and/or hyperons [6, 15] .
On the other hand, our computational results are shown in Fig. 9 for M = 0.75, 1.40 and 2.01 M ⊙ . The solid curves correspond to the results with the surface composition of Ni and the dashed curves stand for light elements (L.E.). As a whole, we can obtain reasonable agreement by comparing our results with the observed data. However, we must choose the The data for each object are taken from Ref. [6] . We do not insert the data of '8' and '11' because these objects cannot constrain the neutrino process due to the lack of the information about the mass accretion rates. mass less than 0.75 M ⊙ even if we take the surface composition of light elements to explain the data of '1', '2', and '10'. In particular, it should be noted that the observational data of '13' could be explained by using the cooling rate by Muto et al. [36] without introducing additional/exotic cooling mechanism. In other words, neutron stars whose masses are larger than 1.40 M ⊙ with the surface composition of Ni could explain the data of '13'.
V. DISCUSSION
As seen in Fig. 9 , luminous observational data of '1', '2', and '10' cannot be fitted by adopting M = 0.75 M ⊙ with the surface composition of light elements. Compared to the conventional value of the neutron star mass 1.40 M ⊙ , it may be too light to be observed.
Moreover, the neutron star mass is estimated to be 0.75 − 1.28 M ⊙ for the observational data '13' which is identified to be the X-ray transient SAX J1808.4-3658 [46] . Since only the upper limit of the luminosity is observed, neutrino emission rate by Muto et al. [36] is barely consistent with the observation '13'. We must note that results by Muto et al. [36] has large uncertainty concerning the nuclear interactions. Moreover, if we include the effects of superfluidity which tend to cancel the effects of neutrino emissions, consistency between theory and observation may become difficult. Although critical temperature which induces superfluidity is very uncertain [47] [48] [49] [50] , it should be investigated whether the consistency between computational results and observations could be maintained. Furthermore, we note that our models are inconsistent with the observations of isolated neutron star cooling.
We cannot account for the observations for our adopted EoS and neutrino emissions due to the pion condensation, because the pion condensation occurs in all cases of M > 0.75 M ⊙ Inclusion of the effects of superfluidity may solve the problem and we will investigate them in the near future.
